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CN ■ Abstract 



This article is the first part of a series of three articles about compatible systems of symplectic 
Galois representations and applications to the inverse Galois problem. 

In this first part, we determine the smallest field over which the projectivisation of a given 
symplectic group representation satisfying some natural conditions can be defined. The answer 
only depends on inner twists. We apply this to the residual representations of a compatible system 
of symplectic Galois representations satisfying some mild hypothesis and obtain precise informa- 
tion on their projective images for almost all members of the system, under the assumption of huge 
^ I residual images, by which we mean that a symplectic group of full dimension over the prime field 

^O ' is contained up to conjugation. Finally, we obtain an application to the inverse Galois problem. 

MSC (2010): 11F80 (Galois representations); 20C25 (Projective representations and multi- 



VO ■ pliers), 12F12 (Inverse Galois theory). 
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^ : 1 Introduction 



This article is the first part of a series of three articles, about compatible systems of symplectic Galois 
representations with huge images and applications to the inverse Galois problem. The series is sub- 
Cd ■ divided as follows: 

(1) This first part deals with an algebraic study of the images of compatible systems of symplectic 
Galois representations. In particular, inner twists are treated in generality. The article also contains a 
first application to the inverse Galois problem, by proving that a compatible system of dimension n 
having a so-called maximally induced place of order p and residually huge images almost everywhere. 
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realises PGSp„(F£d) or PSp„(F^d) as Galois groups for a positive density of primes i, where d is any 
divisor of 2^. 

(2) The second part is concerned with subgroups of symplectic groups that contain a transvection. 
This is applied to proving that certain compatible systems of symplectic Galois representations have 
residually huge images almost everywhere, if they contain a transvection and have a suitably chosen 
maximally induced place. 

(3) In the third part, which is in preparation, we will use results of Geraghty and Gee, to show 
the existence of compatible systems of Galois representations satisfying the conditions developed in 
the first two parts. This realises, for each integer d, the groups PGSp„(F^d) or PSp„(F£d) as Galois 
groups over Q for a positive density set of primes I. These results are, in the terminology of IDWIU . 
analogues of results of HKLSOSII in the horizontal direction. 

We now describe the main results of the present article: 

We determine the smallest field K^p^, called the projective field of definition of [p\, such that the 
projectivisation of a given symplectic group representation p : G ^ GSp„(L) satisfying some natural 
conditions factors through pP^J : G — > PGSp„(iCrpi) (Corollary 12.131 1. The field K\pi is entirely 
determined by the inner twists of [p\. 

We also determine the fields of definition of the residual representations [p^"^"^] in a compatible 
system of symplectic Galois representations p, satisfying some mild hypothesis. Theorem 14 . 5 1 show s 
that for almost all A, this field is the residue field of the completion at A of a global field Kp,, which 
again is entirely determined by the inner twists of the compatible system p.. 

We determine the images of [p^'°'^] at almost all A under the assumption of huge residual images 
(Corollary llHJ. 

Finally, we obtain the above mentioned application to the inverse Galois problem of certain com- 
patible systems of symplectic Galois representations (Theorem 16. St . 
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2 Inner twists of a group representation 

This part owes many of its ideas to Ribet's paper IIRib851 . including Papier's theorem cited in that 
article, as well as to other papers of Ribet. A conceptual framework for some of those ideas is provided 
here as well as a generalisation. 

Set-up 2.1. • K C L (topological) fields such that L/K is a Galois extension. 



We may, for instance, take L to be a separable closure of K for maximal flexibility; in later 
sections L will be a finite Galois extension of K over which a compatible system of Galois 
representations is defined. 

r := Gal{L/K). 

G a (topological) group. In later sections, G will be a Galois group. 

£ = {e : G ^ L^ (continuous) character }. 

Note that T acts on £ from the left by composition: ^e := ^ o e. 

Form the semi-direct product Q := £ yi T for the above action; concretely: 

(71, ei) -(72, £2) := (7i72,pe2)ei)and(7,e)"^ = (7"\'^ '(e^^))- 
Consequently, we have the exact sequence: 

1 ^ s ii^niM, g -(^■-)^^ r ^ 1. 

This sequence is split in the obvious way. 

Note that the other projection c : Q —?■ £, {'y,e) >-^ e is a 1-cocycle, when letting Q act on £ 
through its quotient T. 

Let n G N and consider the set of n-dimensional representations of G up to equivalence (i.e. 
up to conjugation by an element o/GL„(L)j; 

GL-Reps„(G, L) := {p : G ^- GL„(L) (continuous) group homomorphism }/ = . 

The equivalence class of p is denoted by [p\. 

Let n € N fte even and consider the set of n-dimensional symplectic representations ofG up to 
symplectic equivalence (i.e. up to conjugation by an element o/GSp„(L)j; 

GSp-Reps„(G, L) := {p : G ^ GSp„(L) (continuous) group homomorphism }/ = . 

We make the convention that equivalence of symplectic representations always means sym- 
plectic equivalence. The equivalence class of p is denoted by [p]. Note that the embed- 
ding GSp„(L) ^-7> GL„(L) allows us to see elements 0/ GSp-Reps„(G, L) as elements of 
GL-Reps„(G, L). 

Note that Q acts on GL-Reps„(G, L)from the left by the following formula: 

{^,e).[p]:=[{^p)®Le-\ 

where 7 € F, e G £" and [p] G GL-Reps„(G, L). In the same way, Q acts on GSp-Reps„(G, L) 
from the left. 



Let n G N and consider the set of n-dimensional projective representations ofG up to equival- 



ence: 



PGL-Reps„(G, L) := {p : G ^- PGL„(L) (continuous) group homomorphism }/ = . 

Two projective representations of this type are said to be equivalent if they are conjugate by the 
class (modulo scalars) of a matrix in GL„(L). 

For [p] € GL-Reps„(G, L) we denote by [/jP™-'] its natural image in PGL-Reps„(G, L). 

Let n & N be even and consider the set of n-dimensional symplectic projective representations 
of G up to symplectic equivalence: 

PGSp-Reps„(G, L) := {p : G ^- PGSp„(L) (continuous) group homomorphism }/ = . 

Two symplectic projective representations of this type are said to be equivalent if they are con- 
jugate by the class (modulo scalars) of a matrix in GSp„(L). 

For [p\ £ GSp-Reps„(G, L) we denote by [p^^°^ its natural image in PGSp-Reps„(G, L). 



For the rest of this section we assume that we are in Set-up 12.11 We collect all definitions in the 
following one. 

Definition 2.2. Let [p] e GL-Reps„(G,L) or [p] £ GSp-Reps„(G, L). 

• Define Qip-i to be the stabiliser group of [p] in Q (for the Q -action on GL-Reps„(G, L) or on 
GSp-Reps„(G, L)). Its elements are called inner twists of [p\. Explicitly, let (7, e) G Q. Then 
(7, e) is an inner twist of [p] if and only if [p\ = [{^' p) ®l e~^] which is the case if and only if 

Vp] = [p®Le]. 

• Define the groups Pj^j := vr(^[p]) C T and £\^p^ := /,~^(ty[p]) = t~^(ker(7r|gjpj)). 

• We say that [p] has no complex multiplication if £[p] = {!}. i-e- if and only ifG[p] — Pfp]- 

• Define the field Kip-i := L^Ip^. It is called the projective field of definition of [p] (see Corol- 
larv \Tm . 

• Define the group A[p] := {7 G Pj^] | (7, 1) G ^[^j}. 

• Define the field E^p\ := L M. It is called the field of definition of [p] (see Proposition \2.14\ (b) ). 

We first include a proposition summarising some representation theory to be used in the sequel. 



Proposition 2.3. (a) Let [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G, L) be absolutely irredu- 
cible. Then any M G GL„(L) commuting with all p{g)for g £ G is a scalar matrix. 

(b) Let [p], [p'] G GL-Reps^(G, L) be absolutely irreducible. IfTr{p{g)) = Tv{p{g')) for all g £ G, 
then [p] = [p']. 



(c) Let [p\,[p'] S GSp-Reps„ (G,L) be absolutely irreducible without complex multiplication. If 
Tr(p(5)) = Tr(p'(5))/ora//5 G G, then [p] = [p']. 

(d) Let [p] G GL-Reps„(G, L) be absolutely irreducible and let K (^ K (^ L be afield extension 
such that Tr{p{g)) G K for all g (z G. Then there is M G GL„(L) such that M^^p{g)M G 
GLn{K) for all g G G. So, the equivalence class [p] has a representative with target in GL„(i^). 

(e) Let [p] G GSp-Reps„(G, L) be absolutely irreducible without complex multiplication and let 
K (^ K Q L be afield extension such that Ti(p(g)) G K and m{g) G K (multiplier map) for all 
g e G. Then there is M G GSp„(L) such that M~^p{g)M G GSp„(K)/or all g e G. So, the 
equivalence class [p] has a representative with target in GSp„(i^). 

Proof, (a) This is a form of Schur's Lemma. See e.g. |!Maz971, p. 252. 

(b) This result is proved in IICar941 . Theoreme 1, or sketched in IIMaz97L p. 253. 

(c) Applying (b), we obtain that p and p' are equivalent as GL„ -representations, meaning that 
there is some matrix M G GL„(L) such that p' = M~'^pM. We show that M lies in GSp„(L). The 
symplecticity of p and p' implies for g ^ G: 

p{grJp{g)=m{p{g))J 
{M-^p{g)Mf'J{M-'p{g)M) = m{p'{g))J, 



where m is the multiplier and J is the Gram matrix of the standard symplectic pairing. Combining 
these two equations, yields 

{MJ-Hl'^J)-'p{g){MJ-Hl'^J) = "^^^fY^pig). 

m{p{g)) 

Note that this equation implies that the character '^y >^}) lies in 8\p[ . As we are assuming that p has no 
complex multiplication, this character is trivial. Using (a), we get that M J~^ M^^ J is a scalar matrix 
Aidn, showing that M G GSp„(L), as claimed. 

(d) This is Theoreme 2 of IICar941 : see also IIMaz97L p. 255. 

(e) Applying (d) we obtain a matrix M G GL„(L) such that M~'^p{g)M G Ghn{K) for all 
g e G. We want to show that there is a matrix N G GL„(_R') such that N^^M~^p{g)MN G 
GSpn{K) for all g £ G. Again denote J the Gram matrix of the standard symplectic pairing. Then all 
M~^p{g)M respect the symplectic pairing with Gram matrix / := M^^JM up to the same multiplier 

Mpia)), i-e- 

{M-^p{g)MY'I{M-^p{g)M) = m{p{g))I 

for all g eG. 

We claim that / G GL„(i^). Note that conjugating M^^p{g)M by / yields an element in 
GLn{K), using here the assumption rn{p{g)) G K. The absolute irreducibility of M^^pM now 



implies that conjugating by I preserves Mn{K). The Skolem-Noether theorem (Corollary 3.63 
of nCRSlll ) consequently shows I e GL„(i^). 

This now means that / defines a symplectic pairing on K"^ (the representation space of M~^pM), 
which is respected by M~^pM (up to the multiplier). The claimed existence of the matrix N is now 
just the fact that in a symplectic vector space a basis can be chosen such that the symplectic pairing 
has the standard form, i.e. is given by J. We conclude, using (c), that {MN)^^p{MN) is in the 
equivalence class [p] . D 

The following lemma is very useful in our applications of the above theory to compatible systems 
of Galois representations, where the Frobenius traces lie in some global field. 

Lemma 2.4. Let [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G, L) (in this case also assume that p 
has no complex multiplication) be absolutely irreducible. Then Q\p-\ is equal to the set 

{(7,6) G g I 7(Tr(/9(<7))) = Tr(p(5))e(5) V5 G G}. 

Proof. Proposition 12. 3 K b) and (c). D 

We continue with a useful observation on the orders of e occuring for inner twists. 

Lemma 2.5. Let [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G, L). Furthermore, let x ■ G —^ K^ 
be any (continuous) character and let ip : G ^ L^ be a (continuous) character of finite order equal 
to m. Let e € £ occur in some (7, e) G g[py 
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(a) Ifdet{p) = ipX' ^^^^ ^" ~ li '^"'^ ^^^ order of e is finite and divides nm. 

(b) If [p] is symplectic with multiplier map m{p) = ipx, then ^'^ = -^ and the order of e is finite and 
divides m. Moreover, for all g £ G, e{g) G ^(C)* where C, is an m-th root of unity 

Proof Let(7,e) G^fp]. We get: 

(a) 7(det(/9)) = xtCV") = V'X^", implying e^ = ^. So, e" has order dividing m, so that e has 
finite order dividing nm. 

(b) The same calculation with the multiplier map yields (^ = -^- Consequently, the order of 
€ divides 2m. Let C be a primitive m-th root of unity, g G G and b,c £ Z such that ip{g) = C''. 
7(C) = C'.Thene(5)2 = ^ = C^(--i). 

If mis odd, there exists d e Z such that C = {("^f, thus e{gf = ,^26d(c-i) ^^^ ^f^^-^ ^ j^(^q_ 
Assume now that m is even. Then c — 1 is also even (otherwise c would be even, and C,^ would 
not be a primitive ?n,-th root of unity). Hence €{g)'^ has order dividing m/2, so that e{g) has order 
dividing m,. D 

We now study projective representations. 

Lemma 2.6. (a) For p : G ^ GL„(L) and e e £ one has pP™J = (p (g) e)P™J. 

(b) For [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G, L) and e e £ one has pP™J ^ (p e)P'^°J. 



(c) Let [/9i], [p2\ € GL-Reps„(G, L) or [pi], [p2\ G GSp-Reps„(G, L) such that p^™' = p^"\ Then 
there is e ^ £ such that [pi] = [p2 e]. 

Proof, (a) and (b) are clear. 

(c) Denote by s the injective homomorphism L^ — > GL„(L) which sends x to the scalar matrix 
X ■ id„. Let M be a matrix in GL„(L) (or in GSp„(L)) such that pf °J = Mpf^M"^. Define the 
character e : G — )■ L^ by the formula 

Note that e is well-defined and multiplicative and that it obviously satisfies the requirements. D 

For the next lemma note that ('^p)P™J = '^(pP''°J). 
Lemma 2.7. Let [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G,L). 

(a) r[^]={7Gr|>P™J^pP-J}. 

(b) If pV'°i factors as G ^ PGL„(i^) -^ PGL„(L) orasG^ PGSp„(K) -^ PGSp^{L) for some 
field K CK C L, then K[p] C K. 

Proof (a) Let 7 G Tj^j. Then there is e such that (7, e) G ^[pj, i.e. Tp ^ p (g) e. Hence, ^pP™J ^ pP^J 
by Lemma 1221 Conversely, if 7 G T satisfying TpP''°J = pP''°J, then by Lemma [Z6l there is e such 
that (7, e) G G[p], whence 7 G T^pj. 

(b) Let [/ C r the (closed) subgroup such that K = L^ . Then for all 7 G C/ we have '>pP''°J = 
pproj Hence, 7 G r[p] by (a). Consequently, U C r[p], whence K^p^ Q K. D 

The lemma shows that any field over which pP'^°J can be defined contains K\p-. . Our aim will be to 
show that under suitable assumptions pP^°J can be defined over K^p^ and to describe this field. 

Lemma 2.8. Let [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G,L). 

(a) The action o/Frpi on £ restricts to an action on frpi in such a way that Qip-i = Sipt xi Frpi. 

(b) The set frpi precisely consists of those characters e G £" such that [p] = [p (g) e]. 

Proof, (a) Of course, being a kernel, i{£ip]) is a normal subgroup of G[p]. To see the assertion of the 
Lemma, we make an explicit computation: Let (1, e) G G[p] and (7, 6) G G[p]. Then 

(7,5)(l,e)(7,5)-^ = {j,Ce)d)i^-\^-\d-')) = (1,^6). 

This shows that for any e G £[p] and any 7 G r[p], the character '^e is also in £'[p]. 

(b) is by definition. D 



Lemma 2.9. Let [p] € GL-Reps„(G,L) or [p] G GSp-Reps„(G, L). Let g e G and let X" + 
X]r=i '^*(S')"'^" * ^e the characteristic polynomial of p{g). Let (7, e) € ^[pi. Then one has the 
equations 

for all i = 1, . . . ,n. 

Proof. This immediately follows by comparing the characteristic polynomials of [p] and (7, e).[p]. 

D 

Corollary 2.10. Let [p] G GL-Reps„(G, L) or [p] £ GSp-Reps„(G, L) and e G S^py 

(a) The order ofe divides n. 

(b) Let i G {1, . . . , n} and g £ G. lfai{g) ^ 0, then e^{g) = 1. 

Proof, (a) The coefficient an{g) is the determinant of p{g), which is a unit. Hence, Lemma [2!9] gives 
an{g) = e{gYan{g) for all g. 

(b) is immediate. D 

Lemma 2.11. For [p] G GL-Reps„(G,L) or [p] G GSp-Reps„(G, L), let H[p] := f]^^^ ker(e). It 
is a (closed normal) subgroup ofG with abelian quotient of exponent dividing n. 

If p has complex multiplication, then the restriction of p to H\p-\ is not absolutely irreducible. 

Proof. Let e G f [pi and let M be a (symplectic) matrix such that p (^ e = MpM~^. If the restriction 
of p to i7[p] is absolutely irreducible, then restricting to H^p^ gives p\Hp = MpM~^\Hp. By absolute 
irreduciblity, any matrix that commutes with all of p{H^p-^) is scalar, whence p(Eie = p. Consequently, 
e is the trivial character. D 

Proposition 2.12. For [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G, L), define the subgroup 
^[p] '■— CleeSst 3(-y e)£G ker(e). Assume that the restriction of p to hp\ is absolutely irreducible (in 
particular, by Lemma [2. 1 l\ this implies that [p] has no complex multiplication). Then the equivalence 
class [p] contains a member p' satisfying: 

• Letge G: Then p'{g) G GL„(K[p]) 4^ 5 G /[pj. 

• '^ p' = p' efor all (7, e) G Q[p]. 

Proof. Due to Lemma |2!9l the character of p restricted to Irpi takes values in Kipi. If p is symplectic, 
the formula e^ = ^° for all (7, e) G ^[p] (see also Lemma [231 (b)) shows that the multiplier of p 
restricted to /[pj takes values in i^[p]. Due to the irreduciblity assumption, p\i. , is thus conjugate by 
some (symplectic) matrix M to a representation defined over i^[p], see Proposition 12.31 (d) and (e). 
Thus p' := MpM~^ is a representation of G such that its restriction to Iip\ takes its values in the 
(symplectic) matrices with entries in Kjp] . 



We start by showing the second property. For this, let (7, e) G Qy^ . Since pp] = [p (8) e], there is a 
(symplectic) matrix A^ such that '^p' = N{p' ®e)N^^. Restricting to /jp] and using that this restriction 
is absolutely irreducible, the matrix N has to be scalar (see Proposition |23](a)), showing "i p' = p' <^e. 

Let now g £ G\ I^p]. Then there is a (7,e) G Q[p] such that e{g) ^ 1. Hence, ^{p'{g)) = 
p'igHg) + P\9), showing p\g) ^ GLn{K^p\). □ 

The next corollary is an application of Hilbert's Satz 90. 

Corollary 2.13. Let [p] E GL-Reps„(G, L) or \p\ € GSp-Reps„(G, L) such that its restriction to 
Lp\ is absolutely irreducible. Then the equivalence class of p^^"^ has a member that factors through 
PGL„(i^[p]) or PGSp„(i^[p]). Combining with Lemma \277\ Kjpj is hence the smallest field with this 
property. 

Proof. By Proposition 12.121 we may and do assume that '^ p = p® efov all (7, e) € Qypy 

We already observed that the projection c : ^ — > £■ is a 1-cocycle. The same holds, of course, 
for c : Qyp^ — > £. Now let g £ G. Then the composition Cg := evg o c, where evg(e) = e{g) is the 
evaluation map, is a 1-cocycle Q ^ L^ . Explicitly, Cg((7, e)) = e{g). The inflation-restriction exact 
sequence reads 



infl, trW/-_ _ rxx rcs^ TT ^ C_ _ ^X^^ 



1 ^ i7i(r[p],LX) ^ i7i(a[p],LX) ^ Hom(^[p],L 



[p] 



By Hilbert's Satz 90, //^(P^pj , L^ ) is the trivial module. Note that for eo G £[p], we have Cg((l, eo)) = 
eo{g). Since p has no complex multiplication, the restriction map is trivial and Cg is a coboundary, i.e. 
it is of the form Cg((7, e)) = e{g) = -r^ with some ag £ L^ . 
Then for any g £ G we obtain 

V(5) ^^ = p{g) 
ag 

and consequently 

7(p(fi')a3) = Pi9)ag, 

showing that p{g)ag belongs to GL„(i^[p]) (or to GSp„(i^[p])). Taking this equation modulo scalars, 
yields the Corollary. D 

Proposition 2.14. Let [p] G GL-Reps„(G, L) or [p] G GSp-Reps„(G, L) be absolutely irreducible. 
Let X '■ G ^^ K^ be any (continuous) character and let ij: : G ^f L^ be a (continuous) character of 
finite order equal to m. If [p] is symplectic, assume that the multiplier map m{p) = ijjx; otherwise 
assume that det p = ipx and Eipt contains the nm-th roots of unity. Also assume that the topology (if 
any) on £ is Hausdorjf. 

(a) A [pi is a (closed) normal subgroup o/Prpi and, hence, Eip-i/Kipt is a Galois extension with Galois 
group r[p]/A[p]. In particular, the field ^{E^p^) = E^p^forallj G Pfp]. 



(b) If [p] is symplectic, also assume that [p] has no complex multiplication. The equivalence class 
[p] contains a representation that can be defined over the field E\p^ and E\p^ is the smallest such 
field. Moreover, E\p-\ is generated over K by the traces Tr{p{g)) for g (z G (and the values of the 
multiplier if p is symplectic). 

Proof, (a) Note that, if [p] is symplectic, for all 6 S ^[p], ^{fn{p)) = 'm{p), whence Eip^ contains the 
?n,-th roots of unity. Let 6 S A[p] and 7 G T^jy There is e G (£^ such that (7, e) G Q^p]. We compute 

(7,6)(5,l)(7,6)-i = i^6j-\C'^-\-^)e) = (757"\1), 

whence 7^7^^ G Ajpj. We have used that the values of ^ er^ are m-th roots of unity if [p] is 
symplectic and nm-th roots of unity otherwise (cf. Lemma |23] |. so that S acts trivially upon them. 

Recall the (continuous) 1-cocycle c : G[p] — ^ £, defined by 0(7, e) = e. The group Arpi is precisely 
7r(c~^({l})). As {1} is closed due to the Hausdorffness, A[p] is closed. 

(b) Lemma fL9\ implies that the character of p takes values in E^p^ i.e. the traces are in E^p^ If 
p is symplectic, then the multiplier of p also takes values in E^p^ by hypothesis. Due to the absolute 
irreducibility, [p] can thus be defined over Eip^ by Proposition 12.31 (d) and (e). If the traces of p 
(together with the values of the multiplier for symplectic p) generated a proper subfield K of E'j^j , 
then [p] could be defined over K. Then, however, there would be a 7 G F \ A[p] such that 7 is the 
identity on K, and 7 would fix all traces. This would mean "^p = p (by Proposition 12.31 (b) and (c)), 
so that (7, 1) G G[p\, consequently, 7 G A[p], a contradiction. D 

Note that if in addition G is (topologically) finitely generated, the e that occur for a given [p] G 
GL-Reps„(G, L) or [p] G GSp-Reps„(G, L) form a finite set (since there are only finitely many of 
bounded order). Consequently, the extension Etp^/K^p^ is finite. 

3 Inner twists of a Galois representation 

Let F be a number field and let G := Gp ■= Gal{F/F) in Set-up IZTl which we assume for this 
section. 

Lemma 3.1. Let [p] G GL-Reps„(Gi7',L) or [p] G GSp-Reps„(Gi;',L). Then any e occuring in 
(7, e) G G<p] is unramified at all places of F at which p is unramified. 

Proof. Let a be an element such that p{a) is the identity. Then ^/?(o") is also the identity, hence, 
"I p = p^ e implies that e{a) = 1. Now apply this reasoning to a in inertia groups at primes at which 
p does not ramify. D 

Proposition 3.2. Let K be a finite field of characteristic i and \p\ G GL-Reps„(G, L) or \p\ G 
GSp-Reps„(G, L). Let 2 be a prime of F above i. Assume that the restriction of p to the inertia 
group Ist at £ has the following shape: 
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There exists an integer s between 1 and n, and for each i = 1, . . . ,s, a set Si of natural numbers 
in {0, 1, . . . , ^ — 1}, of cardinality Vi, with ri + • • • + r^ = n , say Si = {cj^i, . . . , aj^r,} such that, if 
we denote by Bi the matrix, 



(i^ \ 



Bi 



Vr 



with ipn d (fixed choice of ) fundamental character of niveau rj and hi = a^^i + ai^2^ + • • • + ai^riP'''~^, 
then 



( B, 



p|/£ 



V 



\ 
J 



B 



Further assume i > n and all aij that appear are less than ^^. 
Then for all (7, e) S Qip-i the character e is unramified at £. 

Proof. First note that the restriction to /^ of the determinant is x"» where a is the sum of all the 
Qij and Xi denotes the mod-£ cyclotomic character, on which any 7 € F acts identically. Note the 
following estimate for any exponent x of ip^ occuring in Bi for any i G {!,... ,s}: 

r^ -1 

0<x< 



2n 



Namely, each exponent x is of the form X^^Li o.^-'^P ^, where {a^^^ : j = 1, . . . , rj — 1} is a 
cyclic permutation of the elements of Si. Hence 



i=i 



2n 



Let (7, e) € Qtpy We first consider the action of 7. As K is a finite field, 7 acts by raising to the 
^'^-th power for some c. In particular '^'t/^n = ^r • This shows that ^/9|/^ has the same shape as p|/^ 
except that the elements of each set Si are permuted. 

Taking the determinant on both sides of ^p = p (g) e yields that e\i^ has order m dividing n, as 7 
acts trivially on the cyclotomic character. Moreover, looking at any diagonal entry we get 

for some exponents x and y. 

Let r be the least common multiple of rj and rj. Then we can rewrite the previous equation as 



Moreover, we have the estimate 






(3.1) 



0<x < 



1 



2n 
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since ipr = il^n ' ^ and hence 



£'■ -I t^ 
X = X- < 



2n t- - 1 2n 

The same estimate holds true for y. 

Furthermore, the knowledge of the order of e|/,, implies ej/,, = ^^ "" for some 1 < b < m — 1 
coprime to m. Note that this implies the estimates 

r-1 r-i ^^-1, (m-i)(r-i) (n-i)(r-i) 

n ~ m ~ m ~ m ~ n 

But, since V'r has order P' — 1, Equation (13.11) implies that - — ^^ + y — a; is divisible by P' — 1, 
hence we get a contradiction. Thus e\i^ is trivial, as was to be shown. D 



4 Inner twists in compatible systems of Galois representations 

We now turn our attention to compatible systems of Galois representations. 

Definition 4.1. Let n € N. We assume Set-up \2J] with L/K a finite Galois extension of number fields 
and G := Gp '■= Gal{F/F) the absolute Galois group of a number field F. Let S be a finite set of 
finite places of F. 

A compatible system p, = {p\)\ of n-dimensional representations of Gp consists of the following 
data: 

• For each finite place pofF not in S, a monic polynomial Pp € Ol[X]. 

• For each finite place XofL (together with a fixed embedding L ^^- Lx) a Galois representation 

Px'.Gf^ GL„(La) 

such that px is unramified outside S L) Si (where i is the residue characteristic of A and Si is 
the set places of F lying above i) and such that for allp ^ SU Si the characteristic polynomial 
of p\(Fiohp) is equal to Pp (equality inside Lx[X]). 

We say that the compatible system p, = {px)x i^ symplectic if for all A the representation px is of 
the form Gp — > GSp„(La). We say that p, = {px)x is almost everywhere (a. e.) symplectic if for all 
but possibly finitely many A the representation px is of the form Gp — ^ GSp„(La). 

Let a G Z and tp : Gp -^ L^ a finite order character. We say that the compatible system 
P* = (pa)a has determinant ^Xi if for all places X of L (say, A lies over the rational prime i) the 
determinant of px is ipxl with xe the i-adic cyclotomic character 

We say that a symplectic compatible system p, = (^px)x has multiplier map tpx'i if for all places 
X of L (say, X lies over the rational prime i) the multiplier map of px is ipxt with xe the i-adic 
cyclotomic character In the case of an almost everywhere symplectic compatible system, we only 
insist on this property at those places X, where the representation is symplectic. 
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A compatible system p, = {p\)\ is called almost everywhere (a. e.) absolutely irreducible if all 
its members px are absolutely irreducible except for finitely many places A of L. 

For a place p of F not in S, denote by Op the coefficient in front of X^'^^^ ofP^^X), i.e. the 'trace'. 
For the sequel, compare Definition \2.2\ and Lemma \2.4\ Let 



Qp, := {(7, e) E ^ I 7(ap) = a^ ■ e(Frobp) for all places p of F not in S}, 

Tp. := ^(^p.) C r, Ap, := {7 G Tp, \ (7,1) € Gp.} and £p. := ^-^(^p.) = rHker{TT\gJ). 
We say that the compatible system p, has no complex multiplication ifSp, = {!}■ 
Let Kp, := L^P', called the projective field of definition of p„ and Ep, := L^P', called the field 

of definition of p.. 

Proposition 4.2. Let p, be an a. e. absolutely irreducible compatible system of n-dimensional Galois 
representations. If p, is a. e. symplectic, assume that the multiplier of p, is tpXi '^^d that p, has no 
complex multiplication. If p, is not a. e. symplectic, assume that the determinant of p, is tpxl ^f^d 
that Ep, contains the nm-th roots of unity, where m is the order of ip. Also assume that the topology 
(if any) on £ is Hausdorjf. 

(a) Ap, is a (closed) normal subgroup ofVp, and, hence, Ep^jKp, is a Galois extension with Galois 
group r^./Ap,. In particular, the field ^(Ep,) = Ep^for all ^ G Tp.. 

(b) For each place X of L such that p\ is absolutely irreducible (and symplectic if p, is a. e. sym- 
plectic), the equivalence class [px\ contains a representation that can be defined over the field 
{Ep,)x and {Ep,)\ is the smallest such field. Moreover, Ep, is generated over K by the a^for all 
places p of F not in S (and the values of the multiplier if p, is a. e. symplectic). 

Proof, (a) First of all, note that, if p, is a. e. symplectic, then Ep, contains the m-th roots of unity. 
Indeed, for all 6 G Ap. , for all places A of L fixed by 5 such that p\ is symplectic, and all places 
p of F outside S ^ Si (where I is the residue characteristic of A), we have that Tr(p;^(Frobp)) = 
Op = 5{ap) = Tr(^p;^(Probp)). If pa is absolutely irreducible, by Chebotarev's Density Theorem 
and Proposition 12.31 (b). there exists a matrix M G GL„(La) such that ^ px = M~^p\M, and now 
the same reasoning as in the proof of Proposition 12.31 (c). we obtain that M G GSp„(La) and p\ and 
^ px are equivalent as symplectic representations. Hence 5{m{px)) = m(^px) = rn{px) for all except 
possibly finitely many places A G L. Since the multiplier of p, is tpXe^ we obtain that the ?7i-th roots 
of unity are fixed by 6. 

The rest follows as in the proof of Proposition 12. 141 (a). 

(b) Let A be a place of L such that px is absolutely irreducible (and symplectic if p. is a. e. 
symplectic). For all p ^ S U Si (where i is the residue characteristic of A), the trace of pA(Frobp) 
is fixed by all elements of Ap. that fix A, whence it belongs to {Ep,)x, and we saw above that the 
multiplier of px takes values in {Ep,)x when p, is a. e. symplectic. Using Chebotarev's density 
theorem and Proposition 12.31 (d) and (e), we see that px can be defined over {Ep,)x. The rest follows 
as in the proof of Proposition 12. 141 (b). D 

13 



Let p, = {px)x be an a. e. absolutely irreducible compatible system. For a place A of L consider 
Set-up [ZT] for the Galois extension Lx/K\, using the notation T\ := Gal{L\/K\) (denoting the 
prime of K below A also by A), and £x := {e : Gp -^ L^ continuous character } and Qx := £x x Tx- 
In this setting, apply Definition 12.21 with [px], so that, in particular, G[p^] is the stabiliser subgroup 
inside Qx of [px]- We know from Section |2]that it is of the form G[p^] = £[p^] x ^[px]- 

We will next see that, when px is absolutely irreducible, the projective field of definition of [px] of 
Definition l2.2l is just the completion at A of the projective field of definition of the compatible system 
of Definition |4~T] 



Lemma 4.3. Let p, = {px)x be an n-dimensional a. e. absolutely irreducible compatible system. Let 
ip : Gp —^ L^ be a character of finite order m. If p, is a. e. symplectic, assume that p, has no 
complex multiplication and that the multiplier of p, is ipxl- ¥ P» i^ '^"f a. e. symplectic, assume that 
L contains the nm-th roots of unity and that the determinant of p, is V'X"- ^^^ Xbe a place of L such 
that Px is absolutely irreducible (and symplectic if p, is a. e. symplectic). 
Then we have 

^[px] = rAnrp., 

where the intersection is taken inside T via the embedding Fa ^-5- T coming from the embedding 
L^Lx. 



Proof. We use Lemma [2~4l The inclusion O' is clear Conversely, let 7 € Frp^i ; in particular, 7 G F;^. 
There is a character e € £x such that (7, e) G Glp^]' i-^- that 7(ap) = Cp • e(Frobp) for all p ^ S" U S£. 
Note that L contains the m-th roots of unity, since these occur as values of the multiplier or 
the determinant by assumption. Lemma 12.51 implies that all roots of unity appearing in the image 
of e lie in L. Thus, e can be lifted to an element of £, i.e. taking values in L^. The equation 
7(ap) = ap ■ e(Frobp) for all p ^ S U Si is now an equation in the field L, implying (7, e) € Qp,. D 

Corollary 4.4. Let p, = {px)\ be an n-dimensional a. e. absolutely irreducible compatible system. 
Let ij) : Gp — > L^ be a character of finite order m. If p, is a. e. symplectic, assume that p, has no 
complex multiplication and that the multiplier of p, is ipx'e- If P» '■* '^"^ a. e. symplectic, assume that 
L contains the nm-th roots of unity and that the determinant of p, is tpxt- 

Then for each place X of L such that px is absolutely irreducible (and symplectic if p, is a. e. 
symplectic), the projective field of definition of [px] is {Kp,)x, the completion of Kp, at the prime 
lying below A. 

Proof By LemmagJl we have Kyp^^ = L^'"^' = lJ^^"^"* = {L^p')x = {Kp.)x- □ 

Given a compatible system p, = {px)x we will now consider the residual representations py 
If M is a local field, we denote by k{M) its residue field. Let A be a finite place of L. Consider 
Set-up IZn for the Galois extension k{Lx)/k{Kx) with Galois group F;^, using notation £x and Qx- 
We apply Definition l2.2l to the equivalence class [p^^] of the residual representation, using the notation 

Q[p,] C Qx, £[p^] C £x and F[^j C Fa. 
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Theorem 4.5. Let p, = {p\)x be an n-dimensional compatible system. Let tp : Gp -^ L^ be a 
character of finite order m. If p, is a. e. symplectic, assume that p, has no complex multiplication and 
that the multiplier of p, is i/'X" ■ V P» i^ f^ot a. e. symplectic, assume that L contains the nm-th roots 
of unity and that the determinant of p, is ipxl- 

Assume, moreover, that for all but possibly finitely many places X of L the residual representa- 
tions "px are absolutely irreducible (and have no complex multiplication in the case, when p, is a. e. 
symplectic). The restriction to the inertia group Is^ of "px for primes S, of F lying over the residue 
characteristic of X is of the shape as in ProDosition \3.2\ 

Assume also that there is an integer k, independent of X, such that the numbers aij appearing in 
Proposition \3.2\ are bounded by k. 

Then for all places X of L, except possibly finitely many, the projective field of definition of\p)^] is 
<iKp.)x). 

Proof. Note that the condition that px is absolutely irreducible for all but finitely many places A of L 
implies that p, is a. e. absolutely irreducible. We may restrict to those A of residual characteristic £ 
satisfying ^^ > k (cf. Proposition I3.2I ). We may also only consider A such that Ji^ is absolutely irre- 
ducible (and symplectic without complex multiplication if p, is a. e. symplectic). We may furthermore 
limit ourselves to A such that A is unramified in L/K. 

Let (7, e) G Q^p ] be an inner twist of [p^] . We identify e with its lift to an element of £ of the same 
order (with respect to the fixed L --^ L\). By Lemma 1231 we know that the order of e is bounded 
independently of A. Moreover, by Proposition 13.21 e is unramified outside S. Let Eq be the finite 
subset of £ consisting of those characters meeting these two requirements. Hence, Qq := £q yi T i& n 
finite subgroup of Q and Q^ ] and Qp, are subgroups. 

Now consider (7, e) G Qq. Assume that (7, e) G Qy-p ] for infinitely many A. Then for all places p 
of F not in S and each of these A (except those above the residue characteristic of p), we have 

7(ap) = Op • e(Frobp) (mod A). 

Consequently, we have equahty 7(ap) = Op • e(Frobp), whence (7, e) G Qp,. 

This means that avoiding also those finitely many A such that a (7, e) G ^0 \ Gp, is in Q^ ] , we 
have Q\py^] = Q[p ], thus k{K[p^]) = Ky-p y Since p^ is absolutely irreducible, p\ is also absolutely 
irreducible, hence by Corollary 14.41 K^p^^ = {Kp,)\, which proves the theorem. D 

5 Application to compatible systems with huge residual images 

In this section we make use of Theorem 14. 5 1 to prove a first result that allows us to (almost) determine 
the projective image of the residual representation "p^, (except for finitely many A), for a compatible 
system p, = (px) satisfying suitable conditions. 

Let V be an n-dimensional iiT-vector space endowed with a symplectic pairing. Recall that an 
element r G GLiV) is a non-trivial transvection if r — idy has rank 1, i.e. if r fixes a hyperplane 
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pointwisely and there is a line U such that t{v) — v G U for all v ^ V . Any transvection has 
determinant 1. A symplectic transvection is a transvection in Sp(y). Any symplectic transvection has 
the form 

r^[A] G Sp(y) : u ^ u + \{u,v)v 

with direction vector v G V and parameter X £ K (cf. IIArt57l . p. 137-138). 

Definition 5.1. Let L be an algebraically closed field, and G a subgroup o/GSp„(L). We will say 
that G is huge if the subgroup of G generated by the transvections contained in G is conjugated (in 
GSp„(L)j to Spni^) faf some subfield K C L. 

Let K be an algebraic closure of K. 

Remark 5.2. When K is a finite field of characteristic i, a subgroup G C GSp„(i^) is huge if and 
only if it contains a subgroup conjugated (in GSp„(-R')j to Sp„(F^) (cf. HAdDW12\l }. 

The main ingredient will be the following group-theoretic result: 

Proposition 5.3. Let K be a finite field of characteristic different from 2, and G C GSp„(i^) be a 
group such that the group generated by the transvections in G is Sp„ (iiT). Then G C GS'Pn{K)K . 

To prove this proposition, first note the following easy fact: 

Lemma 5.4. Let G C GSp„ (ivT) be a group such that the group generated by the transvections in G 
is Sp^(i^). Then G is contained in the normaliser ofSpn{K) in GSp„(K). 

Proof. Let A G G be any element, say with multiplier a. To see that it belongs to the normaliser 

^GSp (K)i^Pni^))^ it suffices to see that, for all transvection T = T^[A] G Sp„ (i^T), ATA'^ G 
SpJ^). 

An easy computation shows that, for all w £ V, 

AT^[X\A-^{w) = A{A'^w + X{A-^w, v)Av) =w + X{A-^w, v)Av = 

w + Xa{w,Av)Av = T^„[Aa]. 

But Tav [A] is a transvection and belongs to G, so it belongs to Sp„(ir), as was to be shown. D 
So, in order to obtain Proposition 15.31 all we need is to prove the following proposition. 



Proposition 5.5. Let K be a finite field of characteristic different from 2. ThenN^^o^ ij^AS'p^{K)) C 
GSp„(i^)K^ 

We will make use of an auxiliary lemma: 

Lemma 5.6. Let K be field of characteristic different from 2. The group of automorphisms ofSpj^{K) 
is generated by two subgroups, as described below: 
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• The group of automorphisms $ such that: for all B G Sp^(i^), ^{B) = ABA ^, where 
A G GSp„(ii') (semi-inner automorphisms). 

• The group of automorphisms <I> such that there exists (j) : K —^ K field automorphism such that, 
for all B G Sp„(i^), ^{B) is the matrix with entries obtained by applying (p to the entries of B 
(field automorphisms). 

Proof. This follows from the main Theorem of IIHua48ll . page 740. D 

Proof of Proposition \5. 5\ Denote by N the normaliser of Sp„(i^) in GSp„(i<'), and consider also 
the centraUser C = Cq^ ,■J^^SpJ^{K), that is, the elements A G GSp„(i^) such that, for all B G 
Sp„(K), A^^BA = B. 

First, note that we can view N/C in a natural way as a subgroup of Aut(Sp„(K)): namely, given 
^ G A'^, it defines an automorphism of Spj^{K) by conjugation, and the kernel of the homomorphism 
A^ — )■ Aut(Sp„(ir)) is obviously C. Let us call N the image of A^ in the automorphism group. 

We know that iV is a subgroup of Aut(Sp„(A')). By Lemma 15^ we know that the group of 
automorphisms is generated by two subgroups, one consisting of the semi-inner automorphisms and 
one consisting of the field automorphisms. But no automorphism of A^ can be a field automorphism. 
This is proved in HKLSOSL page 548, inside of the proof of Corollary 2.6; namely, the reasoning is 
that any automorphism of the shape B i— )• A^^BA must respect the trace. But there is always an 
element B G Sp2„(Ar) such that no field automorphism preserves the trace of B. 

On the other hand, all semi-inner automorphisms belong to N. From here we can conclude that 
the semi-inner automorphisms are precisely those belonging to N. Indeed, note that the composition 
of a field automorphism with a semi-inner automorphism coincides with the composition of a semi- 
inner automorphism with a field automorphism, so each automorphism can be written as a product of 
a semi-inner one and a field one, and then we would get that if N contains an automorphism which 
is not semi-inner, it contains an automorphism which is a field automorphism. Therefore the group 
N coincides with the group of semi-inner automorphisms. That is to say, for any matrix ^4 G A^, 
there exists a matrix Ai G GSp^(A') such that the automorphism B i-> A^^BA coincides with 
the automorphism A^^BAi. That is to say, for all B G Sp„(A:), {AiA^^)^^B{AiA^^) = B. 
Equivalently, AiA~^ G C. 

But, in our situation, C = K {Id}. One sees this by considering a basis of V consisting of 
directions of transvections in Sp„(Ar), say T„^ [Ai], . . . , T^,^ [A„]. Assume that B ^ C. Then, for all 
i = l,...,n, B-^Ti,^[X]B = T^JA]. But B-'^T^^[X]B = Tb^JA/J-^] (where /3 is the multiplier 
of B), hence B must fix all (vi). Repeating the same reasoning with transvections with directions 
vi + V2, ■ ■ ■ ,vi + Vn, one sees that B must be a homothety. 

Hence A^ = GSp2n(.K)K'' . D 



As a Corollary of Proposition 15.31 we obtain the following 
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Corollary 5.7. Let K be a finite field of characteristic different from 2, and G C GSp„(i^) be a 
group such that the group generated by the transvections in G is Sp„(i^). Then the image ofG by the 
projection GSp„(K) — )■ PGSp„(-R') is either PSp^(K) or PGSp„(i^). 

Corollary 5.8. Let p, = {px)x be an n-dimensional a. e. symplectic compatible system. Let ip : 
Gp -^ L^ be a character of finite order Assume that the multiplier of p, is tpXe- 

Assume, moreover, that for all but possibly finitely many places XofL the residual representation 
J))^ has huge image. 

The restriction to the inertia group I^ of J))^ for primes £,ofF lying over the residue characteristic 
of A is of the shape as in Proposition \3.2\ Assume also that there is an integer k, independent of X, 
such that the numbers aij appearing in Proposition \3.2\ are bounded by k. 

Then for all places A of L, except possibly finitely many, the image ofp^"^ is PGSp„(/i;((il'p. )a)) 
orFSp^{K{{Kp,)x)). 

Proof. Let A be a place of L such that the image of p;^ is symplectic and huge. Then the restriction of 
Px to /[p ] (see Proposition 12. 121 ) is absolutely irreducible and Corollary 12. 13 1 and Theorem 14 . 5 1 show 
that J>^°^ can be defined over K,{{Kp,)x) and that this field is the smallest one with this property 

Now, because of Corollary 15.71 we know that there exists a field K' C K such that the image of 
p^°^ is conjugated to PSp„(i^') or PGSp^(/f') whenever p^ has huge image. In particular 7)^°^ can 
be defined over K', and this is the smallest field with this property. Hence K' = K{{Kp,)\), and the 
statement follows. D 

6 Application to the inverse Galois problem 

In this section we generalise results of HDWlll . Some of the ideas are taken from HKLSOSL 

Definition 6.1. Let p, = {p\)\ be an n-dimensional a.e. symplectic compatible system as in Defini- 
tion^^ Let (\ ^ S be a place of F that is totally split over Q and does not divide 2n. Denote by q the 
rational prime under q. Let 5 : Gq „ -^ L^ be a tame symplectic character of degree n and order 2p 
(see l\KLS08\l . Section 3), by which we mean that 5 is the product of two characters 5i and 62, where 
5i is unramified of order 2 and 62 is totally ramified of order an odd prime p such that the order of q 
in Fp is equal to n (note that, in particular, n\ {p — 1)}. 

We say that the compatible system p, is maximally induced at q of order p if for each A not above q 
the restriction of px to a decomposition group at q is equivalent to Indg ' (5) (where we view 5 as 
taking its values in L\ via L ^-> L\). 

c^ 
The definition is made precisely in such a way in order to ensure that Indg ' (5) is symplectic 

and irreducible, and its image is an (n, p) -group in the terminology of HKLSOSII . to which we refer for 

more details. The existence of (5 is a result of local class field theory. 

Lemma 6.2. Let p and q be primes such that the order of q in F^ is equal to n. Let C,p £ <Q be a 
primitive p-th root of unity. Then the element ^p := Y^IZq Cp h<^^ degree ^^^— over Q. 
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Proof. See the paragraph above Proposition 2.16 of Chapter 2 of IIWas82ll . D 

Note that the element ^p from Lemma ld!2] is the trace of an element in the image of Ind^ "^ {5). 



Lemma 6.3. Let p, = (pa) a be an n-dimensional a. e. absolutely irreducible a. e. symplectic com- 
patible system as in Definition \4. 1\ Let ip : Gp -^ L^ be a character of finite order m. Assume that 
p, has no complex multiplication and that the multiplier of p, is V'X?- Assume also that there is a 
place q G 5* such that p, is maximally induced at q of order p. 
Then S,p ■= Yl'i=o Cp '■* ^" element of Kp,. 



Proof. Let A be a place of L not above q (the prime below q). Let us take any (7, e) G S[p^] so that 
'^p^ ^ p^^ e. We first want to prove that 7(^p) = Cp- 

There is an element o"o E Gq^ such that the '^Pa(o'o) and {p\ e)(cro) are 



hiCp 



\ 



liCpY 



7(Cr^^ 



\ 


and a 


(<' 


n-1 

/ 




\ 



^p 



\ 



C J 



(6.2) 



respectively, where a = e(c7o) G L^. Since (p has order exactly n, we get that (p(p (p = 1, 

and therefore, from the equality of the determinants of the matrices in (16.21 ) we get a" = 1. But, a is 
also a p-th root of unity (comparing the eigenvalues of the two matrices), whence a = 1, as (n, p) = 1. 



We then get 7(Cp) = Cp > and therefore 7(,^p) = Cp H \- Cp 



i(n-l) 



Cp + • • • + a 



Cp- 



Hence, we have established ^p € K^p^y But, since this holds for almost all A, we conclude from 

D 



Corollary |43]that ^p lies in Kp,. 

Finally we will make use of the following proposition: 



Proposition 6.4 (Prop. 7.2 of HDWlll ). Let L/Q be a finite field extension which contains a cyclic 
extension M/Q of degree d. Then the set of primes i such that there is an ideal A in Ol of residue 
degree d has a positive density. 

The following is our main result about the application to the inverse Galois problem. 

Theorem 6.5. Let p, = {p\)x be an n-dimensional a. e. symplectic compatible system as in Defini- 
tion \4. l\ with K = Q. Let ip : Gp -^ L^ be a character of finite order Assume that the multiplier of 
p, is V'X?- 

Assume, moreover, that for all but possibly finitely many places XofL the residual representation 
P;^ has huge image. 

The restriction to the inertia group /^ ofp^^for primes 2,ofF lying over the residue characteristic 
of A is of the shape as in Proposition \3.2\ Assume also that there is an integer k, independent of A, 
such that the numbers aij appearing in Proposition \3.2\ are bounded by k. 

Assume also that there is a place q € S such that p, is maximally induced at q of order p. 
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Then for any d 



p-i 



there exists a set of places C^ of L of positive density such that for each 



X & Cd the image of p^°^ is PGSp„(F^d) or PSp„(F^d), where i is the rational prime below X. 



Proof. Let ^p := Y^IZq Cp ■ By Lemma [d!2l we know that S,p has degree 2^ over Q and by Lemma l63] 
we also know that ^p lies in Kp, . Consequently, Kp, contains a cyclic extension M/Q of degree d. 
The Theorem is now just a combination of Proposition 16.41 and Corollary 15.81 D 
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